In the quantum world correlations can take form of entanglement which is known to be monogamous. In this work we show that another type of correlations, indistinguishability, is also restricted by some form of monogamy. Namely, if particles A and B simulate bosons, then A and C cannot perfectly imitate fermions. Our main result consists in demonstrating to what extent it is possible.
Introduction. If a particle in box A is indistinguishable from a particle in box B, then all the parameters describing their states, apart from their positions, are the same. Such particles are strongly correlated because the state of one of them automatically determines the state of the other. In quantum theory the above system is described by quantum correlations, i.e., by an entangled state which is either symmetric (bosons) or antisymmetric (fermions).
Quantum entanglement cannot be efficiently explained within any reasonable classical theory [1] . Even within the quantum theory the description of entanglement is not simple if it occurs between more than two particles. Firstly, in these cases entanglement can take many inequivalent forms [1] [2] [3] . For instance, already for three particles there is more than one way to define a maximally entangled state. In addition, quantum correlations are restricted by the so called monogamy bounds [4] [5] [6] . Specifically, if particles A and B are maximally entangled, then no other particle C can be entangled with either A or B.
In multipartite systems indistinguishability can also take different forms. For example, three particles can be prepared in a tripartite symmetric state (three bosons), antisymmetric state (three fermions) or some general state allowing different pairs of particles to obey different statistics. It is intuitively clear that while particles in boxes A and B behave like bosons, it is not possible that particles in boxes B and C behave like fermions. This could be interpreted as a manifestation of some form of monogamy.
However, in order to truly speak of a monogamy between different types of statistics one needs to consider a more detailed problem: given that particles in boxes A and B behave like bosons with probability p, what is the probability that particles in B and C behave like fermions? Here we answer the above question. More precisely, we derive tradeoff bounds on simulability of bosons and fermions in tripartite systems and represent them in a simple graphical way.
In this work we say that particles in a given state simu- * Electronic address: pawel.kurzynski@amu.edu.pl late some type of particle statistics, rather than that they are particles of a certain type (bosons, fermions, etc.). This is because in our considerations we assume that the same system can be prepared in states corresponding to different statistics. In general, this assumption requires application of asymmetric operations, which is only possible if the corresponding particles are distinguishable. Therefore, we prefer to say that here we discuss simulation of indistinguishability with entanglement.
In the following sections we introduce a class of tripartite systems whose properties are going to be studied in this work and recall basic features of permutation operators Π XY . Their average values v XY = Π XY indicate if a pair of particles in modes X and Y exhibit perfect bosonic (v XY = 1), perfect fermionic (v XY = −1), or any other type of behavior (−1 < v XY < 1). Finally, we provide a tight monogamy relation for v AB , v BC and v AC which can be used to further study general restrictions on simulability of bosonic and fermionic properties in multipartite systems.
Before we proceed, we would like to mention that our work is in a sense complementary to the recent one by Menssen et. al. [7] . There, the authors argued that knowing only the indistinguishability properties between pairs of particles is not enough to predict the effects resulting from indistinguishability of more than two particles. Here, we show that indistinguishability properties between the pair of particles impose some restrictions on indistinguishability properties of other pairs.
Preliminaries. Let us consider a set of three modes A, B and C to which we refer as "boxes". Each box is occupied by a single particle, so that the general pure state of the system is of the form
Here we assume that the three particles are distinguishable, therefore the notation |A, B, C means that the first particle is in box A, the second in B and the third in C.
Moreover, for simplicity we do not consider mixed states of the system. Nonetheless, our reasoning will apply to them as well. Next, we introduce permutation operators Π XY swapping the labels of boxes X and Y , for instance
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The average value of these operators, denoted as
has a clear operational meaning. If v XY = ±1 then the Hong-Ou-Mandel experiment [8] conducted on particles from boxes X and Y would result in perfect bunching/antibunching. Since bunching/antibunching is a typical bosonic/fermionic property that can be used as an indicator of particle statistics, in this work we say that if v XY = ±1, then the particles in boxes X and Y simulate bosons/fermions. In general, for −1 < v XY < 1 the bunching/antibunching is not perfect and the particles in boxes X and Y simulate bosons/fermions with probability
. Let us also observe that a cyclic permutation operator S, defined as S|X, Y, Z = |Y, Z, X , can be expressed in terms of permutation operators Π AB , Π BC and Π AC
Since S 3 = 1 1, its eigenvalues are 1 and e
2 . Monogamy between simulation of bosons and fermions. Let us consider the relations between the permutation properties of different subsystems. We start with a simple example of v AB = 1, which means that the particles occupying boxes A and B simulate bosons. Then S = Ψ|Π AB Π BC |Ψ = Ψ|Π BC |Ψ = v BC . Since the spectrum of S is 1 and
2 , the smallest real value attainable by S is − Similarly, one can ask about maximal bosonic behavior of B and C, provided that A and B simulate fermions. In this case v AB = −1 and S = −v BC = −v AC . In order to maximize v BC we need to minimize S , which is again − Note, that if particles in A and B simulate bosons and so do particles in B and C, then particles in A and C simulate bosons too. This is because in this case S = v AB = v BC = v AC . Therefore, simulability of bosons is transitive. This is also true for simulability of fermions in which case
General case. The situation gets more complicated when neither pair of particles is perfectly bosonic or fermionic, i.e., v AB , v BC and v AC are between −1 and 1. To analyse this case we introduce the following three operators
These operators have eigenvalues ±1 and 0. 
where θ ∈ [0, 2π), obeys
Note, that the above resembles the properties of Pauli spin-1/2 operators. The anticommutation of Pauli operators lies at the heart of the Bloch vector representation of spin-1/2 states [9] and we will see in a moment that the properties of W 2 and W 3 also allow to propose a simple graphical representation of constraints on v AB , v BC and v AC . The operator W 1 is supported on the subspace that is orthogonal to the one on which W 2 and W 3 are supported. Therefore
or explicitly
The above constitutes a family of monogamy relations for v AB , v BC and v AC parametrized by θ. Any quantum state of the form (1) satisfies these relations for all θ. The graphical representation of the relations (12) and (13) defines a region in a three-dimensional space. With each state of form (1) (or a mixture of such states) one can associate the vector v = (v AB , v BC , v AC ) which needs to lie inside this region. In order to find its shape let us first give a new representation of operators W 1 , W 2 and W 3 . We define a vector of operators
and real vectors w i (i = 1, 2, 3, θ) such that The average value of W i can then be represented as
Therefore, the relations (12) take form
The above formula defines two conical regions whose circular bases are connected (see Fig. 1 ). The bases lie in the plane spanned by w 2 and w 3 and the whole region has a rotational symmetry with respect to the w 1 axis. Because of circular symmetry one can get rid of the parameter θ and write a single monogamy relation
However, the parameter θ allows one to show that the above monogamy relation is tight, i.e., one can find a quantum state corresponding to each point on the surface of the region denoted by (17). Consider the state
such that
In the above |± correspond to the symmetric (bosonic) and antisymmetric (fermionic) states of the three particles and |Ψ ± θ are the ±1 eigenstates of the operator W θ .
Because W 1 and W θ span orthogonal subspaces we get ±|Ψ ± θ = 0 and therefore
The states (19) cover the whole surface for θ ∈ [0, π) and
Simulability of imperfect bosons and fermions is not transitive. Now we discuss properties of a particular state. Let us consider a state corresponding to the vector v = (x, x, −x). We are looking for the maximal x for which v satisfies the monogamy relation. The inequality (18) implies that the maximal value is x = 3 5 . The corresponding state is (23) This example shows substantial departure from transitivity of simulability of imperfect bosons and fermions. Although a pair of particles in boxes A and B (or B and C) simulates bosons with the probability
5 , the pair in boxes A and C simulates fermions with the probability
. Note that the probability of bunching greater than 3 4 is a sufficient condition to violate the noncontextuality-like inequality [10] [11] [12] . The violation of this inequality implies that bunching properties of particles cannot be explained by a classical hidden variable model for which it is predetermined whether the particle goes through or reflects from a beam splitter.
Because the monogamy relation (17) is symmetric under the transformation v → −v, a state for which v = − Glance at the four-partite scenario. We now turn our attention to the case of four particles in four boxes, denoted by letters from A to D. By analogy with the three box scenario we consider six v XY parameters corresponding to average values of permutations Π XY . In particular, we ask how does the minimal v XY change when some pairs are set to simulate bosons. Figure 2 presents two scenarios with significantly different properties. In the case a), v AB and v CD are set to 1 and we ask what is the minimal value of
The tripartite monogamy relations stemming from triangles ABC and ACD imply that −x ≥ − 1 2 . One can show that this bound is attained by the eigenstate corresponding to the largest eigenvalue of the operator
On the other hand, it is not possible to fully explain scenario b) with only tripartite relations. Once again, they imply that −x ≥ − In case a) these relations are enough to derive the maximal value of x, but in case b) they need to be supplemented with additional fourpartite relations.
and the largest eigenvalue of the above operator is 4. Summary and outlook. Entangled particles can simulate indistinguishable particles, provided they are prepared in a proper state. If the state is symmetric, the particles behave like bosons and if it is antisymmetric they behave like fermions. In general the particles can simulate various combinations of imperfect bosonic and fermionic properties. Here we show that these combinations are restricted by fundamental bounds. These bounds take form of monogamy relations, a tripartite version of which was derived in this work. Our relations are tight and can be represented using a simple threedimensional visualization. One of the conclusions that stems from the relations is that simulability of imperfect bosons or fermions need not to be objective. Instead, it can be relative, i.e., the particle in box A can simulate an imperfect boson when considered together with particle in box B and at the same time an imperfect fermion when considered together with particle in box C. Finally, the tripartite relations can only partially explain the behavior of four-partite systems, which implies that indistinguishability, similarly to entanglement, depends on the number of particles.
We considered permutation properties of all three particle-pairs originating from a tripartite system. These properties can be related to the probabilities of bunching and anti-bunching in the Hong-Ou-Mandel experiment. However, following Menssen et. al. [7] , it would be interesting to consider genuine tripartite relations of the states studied in this work. For example, one can study the counting statistics for the states (1) on a symmetric three-port (tritter).
